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Abstract
In this work, we consider the phase-space picture of quantum mechanics. We then introduce non-
negative Wigner-like (operational) distributions W˜ρ;α(x, p) corresponding to the density operator
ρˆ and being proportional to {Wρα/2(x, p)}2, where Wρ(x, p) denotes the usual Wigner function.
In doing so, we utilize the formal symmetry between the purity measure Tr(ρˆ2) and its Wigner
representation (2pi~)
∫
dxdp {Wρ(x, p)}2 and then consider, as a generalization, such symmetry
between the fractional moment Tr(ρˆα) and its Wigner representation (2pi~)
∫
dxdp {Wρα/2(x, p)}2.
Next, we create a framework that enables explicit evaluation of the Rényi-Wigner entropies for the
classical-like distributions W˜ρ;α(x, p). Consequently, a better understanding of some non-Gaussian
features of a given state ρˆ will be given, by comparison with the Gaussian state ρˆG defined in terms
of its Wigner function WρG(x, p) and essentially determined by its purity measure Tr{(ρˆG)2} alone.
To illustrate the validity of our framework, we evaluate the distributions W˜β;α(x, p) corresponding
to the (non-Gaussian) thermal state ρˆβ of a single particle confined by a one-dimensional infinite
potential well with either the Dirichlet or Neumann boundary condition and then analyze the
resulting Rényi entropies. Our phase-space approach will also contribute to a deeper understanding
of non-Gaussian states and their properties either in the semiclassical limit (~→ 0) or in the high-
temperature limit (β → 0), as well as enabling us to systematically discuss the quantal-classical
Second Law of Thermodynamics on the single footing.
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I. INTRODUCTION
The Rényi-α entropy of a probability distribution P = {pj} was originally introduced in
classical information theory, explicitly given by Sα(P ) = (1 − α)−1 ln{
∑
j(pj)
α} with order
α > 0 [1, 2], as a generalization of the Shannon measure of information (SMI) given by
S1(P ) = −
∑
j pj ln pj (for a deeper conceptual discussion of SMI, see, e.g., [3]). Then, its
quantum analog, given by Sα(ρˆ) = (1 − α)−1 ln{Tr(ρˆα)} of a density operator ρˆ, has been
studied in various contexts of quantum information theory and quantum thermodynamics [4–
10], which is accordingly a generalization of the von Neumann entropy S1(ρˆ) = −Tr(ρˆ ln ρˆ);
for instance, for a generalized formulation of quantum thermodynamics, which is built upon
the maximum entropy principle applied to Sα(ρˆ) [6], as well as in the discussion of its time
derivative under the Lindblad dynamics, the result of which may be useful for exploring
the dynamics of quantum entanglement in the Markovian regime [8]. Obviously, the case of
α = 2 gives the well-known quantity S2(ρˆ) = − ln{Tr(ρˆ2)}.
The quantum-mechanical expectation values of observables Aˆ can be calculated inde-
pendently of the pictures in consideration (i.e., either the operator picture in the Hilbert
space or the c-number picture in the classical phase space), and are required to obey, e.g.,
the Ehrenfest theorem (as a quantum-classical channel) stating that the classical laws of
motion also hold true formally for the quantal expectation values [11]. On the other hand,
the density operator ρˆ itself of the Hilbert-space picture can possess genuine quantum fea-
tures (or non-classicalities) such as coherence and entanglement, which have been attracting
considerable interest, as the need for a better theoretical understanding of them increases
in response to the experimental manipulation of them in small quantum systems [12, 13].
However, when it comes to a systematic study of the canonical quantum-classical transition
in the limit of ~ → 0, it would be more favorable in some contexts to take into considera-
tion the quasi-probability distribution of the c-number picture, such as the Wigner function
[14–18]
Wρ(x, p) =
1
pi~
∫ ∞
−∞
dξ 〈x+ ξ| ρˆ |x− ξ〉 exp
(
−2i
~
p ξ
)
(1a)
ρˆ = 2
∫
dξ
∫
dxdp |x+ ξ〉Wρ(x, p) exp
(
2i
~
p ξ
)
〈x− ξ| . (1b)
As such, the Wigner function Wρ(x, p) may be regarded as the direct counterpart to the
classical probability distribution P (x, p), and therefore the quantum-classical channels be-
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tween the two c-number distributions can also be explored. However, the Wigner function
of a generic quantum state may possess negative values, as is well-known.
Therefore, it will be interesting information-theoretically and thermodynamically to dis-
cuss the quantal-classical Second Law on the single footing, i.e., in terms of the Rényi-α
entropy Sα(Wρ) for a given distribution Wρ(x, p), albeit with its negative values, in addition
to the First Law, expressed in terms of the internal energy 〈Aˆ〉 with Aˆ → Hˆ, where the
expectation value is given by
〈Aˆ〉 = Tr(ρˆAˆ) =
∫
dxdp Wρ(x, p) WA(x, p) (2)
with the Weyl-Wigner representation
WA(x, p) =
∫ ∞
−∞
dξ
〈
x+
ξ
2
∣∣∣∣ Aˆ ∣∣∣∣x− ξ2
〉
exp
(
− i
~
p ξ
)
. (3)
Thus far, such a unified approach of the Rényi-α entropies has not extensively been dis-
cussed, except for either the case of α = 2, for which the purity measure Tr(ρˆ2) =
(2pi~)
∫
dxdp {Wρ(x, p)}2 given in compact form, or the case of a Gaussian state ρˆG (due
to its mathematically simple structure) defined as a quantum state, the Wigner function
WρG(x, p) of which is Gaussian, such as the canonical thermal equilibrium state ρˆβ (with
β = 1/kBT ) of an N -oscillator system (corresponding to its ground state at T = 0), the
coherent state, and the squeezed state, etc. [19–24]. Further, the entropy S2(WρG) of a
Gaussian state has been shown to coincide with the so-called Wigner entropy SW(WρG) up
to a constant, where SW(WρG) := −
∫
dxdpWρG(x, p) ln{(2pi~)WρG(x, p)} is well-defined due
to the non-negativity of WρG(x, p) over the entire phase space [25, 26].
It has also been known [24, 27] that while Gaussian states are crucial resources for quan-
tum information processing (QIP) with continuous variables, non-Gaussian states also are
either required or desirable (in terms of efficiency) for some tasks relevant to QIP such as
entanglement distillation [28–30], cluster quantum computation [31, 32], and teleportation
[33, 34], etc. In doing so, the so-called non-Gaussianity (nG) was used as a critical resource
of the information processing, and some measures of nG have then been proposed for quan-
tification of the non-Gaussian character of a given state ρˆnG, such as the measure defined in
terms of the Hilbert-Schmidt distance between ρˆnG and its reference Gaussian state σˆG with
the same first and second moments of the canonical quadrature operators as ρˆnG [35], the
quantum relative entropy (QRE) between ρˆnG and σˆG [36, 37], and the one defined in terms
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of the difference between the Wehrl entropies of ρˆnG and σˆG [38], as well as the one defined
in terms of the Bures distance between ρˆnG and σˆG [39].
However, each measure of nG has its drawback; e.g., a drawback of the QRE, used most
widely for a general (non-Gaussian) state ρˆ, is that its actual evaluation requires the full
information about ρˆ such that it is often not feasible to calculate if only partial information
is available [27]. Therefore, it will also be desirable to discuss the Rényi-α entropies Sα(ρˆ)
in this context, which will provide the higher-moment information of ρˆ beyond Tr(ρˆ2), thus
enabling us to approximately determine the state as accurately as possible, while Gaussian
states (“tame” in their behaviors) are essentially determined by S2(ρˆ) alone [9, 23, 24]. As
such, the entropies Sα(ρˆ) of a non-Gaussian state may contain the nG information in the
operational sense. Further, the non-Gaussian features of ρˆ, as the deviation from those of the
Gaussian state ρˆG being defined in terms of its Wigner function WρG(x, p), give impetus to
a discussion of the entropies Sα(ρˆ) (with α ∈ R+) in the phase-space picture, which will, in
turn, enable us to explore more rigorously their quantum-classical transitions in the context
of information theory and thermodynamics.
Exact evaluations of Rényi-α entropies Sα(Wρ) for given distributions Wρ(x, p) of non-
Gaussian states have been studied in [9]. The resulting framework has successfully provided
a general expression for calculating the entropies Sl(Wρ) for integer orders l. Within this
framework, the entropies Sα(WρG) of Gaussian states WρG(x, p) for real values of α > 0 also
have been rediscovered in closed form, but with the help of an additional recurrence relation
between two consecutive entropies Sl and Sl+1 followed by the analytic continuation of l→ α.
However, it still remains an open question to directly evaluate the entropies Sα(WρnG) of
non-Gaussian states WρnG(x, p) for real values α for which finding such a recurrence relation
would be a formidable task.
In this work, we intend to create another framework, as a generalization of the preceding
one, in which a group of Wigner-like (operational) distributions denoted by W˜ρ;α(x, p) (with
order α including the case of α = 2, obviously) will be introduced, corresponding to the same
density operator ρˆ, and then the Rényi entropies Sα(W˜ρ;α), being tantamount to Sα(ρˆ), can
be evaluated in the phase-space picture for arbitrary non-Gaussian states, actually with
no need for the aforesaid recurrence relation and analytic continuation [cf. Eqs. (6) and
(9)]. Remarkably, the distributions W˜ρ;α(x, p) will be shown to be non-negative over the
entire phase space (like the classical probability distribution) and well-defined in the genuine
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quantum regime all the way to the semiclassical limit. Besides, because of the equivalence
between SW(WρG) and S2(WρG) (up to a constant) for (non-negative) Gaussian states and
also the non-negative feature of W˜ρ;α(x, p) for non-Gaussian states, the resulting entropies
Sα(W˜ρ;α), called the Rényi-Wigner entropies, may also be regarded as a generalization of
the Wigner entropy SW(WρG). Subsequently, we will consider a specific non-Gaussian state
that will be applied for our framework of its Rényi-Wigner entropies; this is the thermal
state ρˆβ of a single particle confined by a one-dimensional infinite potential well with either
Dirichlet or Neumann boundary condition. Its Wigner function (with its negative values)
will be shown to tend asymptotically to a Gaussian shape in the limit of ~→ 0 only.
The general layout of this paper is as follows: In Sec. II we introduce a group of Wigner-
like distributions as variants of the Wigner function and then provide a generic framework
for the Rényi-Wigner entropies of arbitrary quantum states in the classical phase space. In
Sec. III we explicitly evaluate the Wigner function, and its variants, of the thermal state of
the one-dimensional box problem and then discuss the relevant issues of quantum-classical
transition. In Sec. IV we apply our framework for this thermal state, and discuss some
subjects relevant to the resulting Rényi-Wigner entropies. Finally, we provide concluding
remarks in Sec. V.
II. NON-NEGATIVE WIGNER-LIKE DISTRIBUTIONS AND ENTROPIES
We first observe that the purity measure, being the first moment of probability 〈p〉 =∑
n (pn)
2 with the eigenvalues pn’s of ρˆ, may be rewritten as
Tr(ρˆ2) = (2pi~) 〈Wρ〉Wρ =
∫
dxdpWρ2(x, p) , (4)
in which the expectation value 〈Wρ〉Wρ :=
∫
dxdpWρ(x, p)Wρ(x, p), and the symbol
Wρ2(x, p) := (2pi~){Wρ(x, p)}2 ≥ 0. This quantity Wρ2(x, p) should be distinguished from
its counterpart Wρ2(x, p), which is directly obtained from Eq. (1a) with ρˆ → ρˆ2 and thus
may be negative valued like Wρ(x, p) itself. However, such formal symmetry between ρˆ2 and
Wρ2(x, p) is not available for higher moments, for which Tr(ρˆl) 6∝
∫
dxdp {Wρ(x, p)}l with
l = 3, 4, 5, · · · [9]. To directly discuss higher moments Tr(ρˆα) with α ∈ R+ in the phase
space, we therefore generalize Eq. (4) in such a way that the (α − 1)th fractional moment
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of probability is given by
〈pα−1〉 = Tr(ρˆα) =
∫
dx dpWρα(x, p) , (5)
in which the quantityWρα(x, p) = (2pi~){Wρα/2(x, p)}2 ≥ 0 correspondingly results from Eq.
(1a) with ρˆ → ρˆα/2. Here, a fractional operator ρˆα is obtained from the spectral expansion
of ρˆ by substituting its eigenvalues pn’s with their positive αth powers. We stress that its
phase-space counterpart Wρα(x, p), on the other hand, cannot directly be obtained from
Wρ(x, p).
Now we introduce non-negative distributions W˜ρ;α(x, p) := Wρα(x, p)/Nρα with the nor-
malizing Nρα =
∫
dxdpWρα(x, p) = Tr(ρˆα) such that
∫
dxdp W˜ρ;α(x, p) = 1. Then, this frac-
tional moment may also be interpreted as the expectation value Nρα = (〈W˜ρ;α)−1Wρα〉W˜ρ;α ,
expressed in terms of 〈A〉W˜ρ;α :=
∫
dxdpA(x, p) W˜ρ;α(x, p). For comparison only, we intro-
duce other distributions W˜ρ;α(x, p) := Wρα(x, p)/Nρα , as well, with Nρα = ∫ dxdpWρα(x, p)
such that
∫
dxdpW˜ρ;α(x, p) = 1. Clearly, these distributions W˜ρ;α(x, p) can be negative-
valued, though. Now, let the set W˜ρ = {W˜ρ;α′(x, p)|α′ > 0}, all elements of which corre-
spond to the same density operator ρˆ. Then, the Rényi entropy of ρˆ with order α (∈ R+)
can be expressed as the Rényi-Wigner entropy of W˜ρ such that
Sα(W˜ρ) = (1− α)−1 ln (Nρα) , (6)
which is well-defined. Here, the particular selection of W˜ρ;α(x, p) with α′ → α from the set
W˜ρ is required for actual evaluation of Nρα for a given order α. This necessarily means that
Sα(W˜ρ) → Sα(W˜ρ;α) indeed. Obviously, this entropy Sα(W˜ρ) differs from the expression
Sα(Wρ) := (1 − α)−1 ln
[∫
dxdp (2pi~){Wρ(x, p)}α
]
for α 6= 2; also note Eqs. (29a)-(29d).
Eq. (6) is the first central result of our paper. This result enables us to evaluate the Rényi-α
entropy in the phase-space picture in a more compact way than its counterpart provided
in Ref. [9] (cf. Eq. (13) thereof) which has been derived, on the other hand, for positive
integers α → l = 2, 3, 4, · · · only and expressed in terms of the product of plain Wigner
functions Wρ(x, p) with the Bopp shift; as a result, the normalizing Nρα in Eq. (6) now
replaces the lengthy expression
(2pi~)l−1
∫
dxdpWρ(x, p)
{
Wρ
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)}l−2
Wρ(x, p) = Tr(ρˆl) . (7)
Then, we can compute the entropy with no need for an analytic continuation of l → α for
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arbitrary non-Gaussian states. In fact, it is easy to expect that this analytic continuation
will be a formidable task for generic non-Gaussian states.
We will be interested especially in the case of α = 1, for which
W˜ρ → W˜ρ;1(x, p) =Wρ(x, p) = (2pi~) {Wρ1/2(x, p)}2 ≥ 0 , (8)
obviously with Wρ(x, p) 6= Wρ(x, p). Then, the von-Neumann entropy simply reduces to
S1(W˜ρ) = −∂α ln (Nρα)|α=1 , (9)
directly obtained without considering any analytic continuation at all. We remark that the
Shannon measure of information (or Shannon’s entropy), as the classical counterpart of the
von-Neumann entropy, will directly appear from Eq. (9) with ~ → 0; in fact, it is known
that all Rényi entropies Sα(ρˆ), and so Sα(W˜ρ), tend asymptotically to the von-Neumann
entropy in the classical limit (e.g., [5, 26, 40]). It is also worthwhile to point out that the
“Wigner entropy” in the form of SW(W˜ρ;α) := −
∫
dxdp W˜ρ;α(x, p) ln{(2pi~) W˜ρ;α(x, p)} is
ill-defined, though W˜ρ;α(x, p) ≥ 0, because the Bopp shift has not been employed at all and
thus this expression, e.g., cannot appropriately distinguish pure states from mixed states [cf.
Eqs. (29a)-(29d) and the discussion thereafter ].
Now we examine some properties of a distribution W˜ρ;α(x, p). First, we point out that
its non-negative nature (like that of its classical counterpart) cannot suitably reflect the
orthogonality relation between any pair (n,m) of two different eigenstates, because of the
trace
∫
dxdp W˜n(x, p) W˜m(x, p) > 0. Therefore, this distribution cannot be interpreted as a
genuine probability distribution satisfying the required quantum feature. For comparison,
we simply point out that this problem can be remedied finally with the help of the Bopp
shift, as in Eq. (7), such that, with ρˆα → ρˆ for pure states, Tr(ρˆnρˆm) is expressed, instead,
as
(2pi~)3
∫
dxdpWr(x, p)Ws
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)
Wu
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)
Wv(x, p)
= δnm (10)
indeed, in which (r, s, u, v) = (n, n,m,m); (n,m,m, n); (m,m, n, n); (m,n, n,m), thus equiv-
alent to Tr{(ρˆn)2(ρˆm)2} = δnm. In the limit of ~ → 0, the left-hand side of Eq. (10) would
simply reduce to
∫
dxdp W˜n(x, p) W˜m(x, p) > 0 and therefore the orthogonality relation
would be gone completely, which is exactly the case for any classical probability distribution
P (x, p).
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Second, let us consider the expectation value of an observable Aˆ within our formulation.
For the sake of simplicity, we now restrict our discussion into the case of α = 1. It is then
straightforward to show that Tr(ρˆAˆ) 6= ∫ dxdp W˜ρ;1(x, p)WA(x.p), but the expression
Tr(ρˆAˆ) = Tr(ρˆ1/2Aˆ ρˆ1/2) = (2pi~)
∫
dxdpWρ1/2(x, p)WA
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)
Wρ1/2(x, p) .
(11)
This result is reminiscent of the expression 〈Aˆ〉ψ =
∫
dxψ∗(x)A(x,−i~ ∂x)ψ(x) in
formal similarity. Subsequently, with the help of the Fourier transform WA(x, p) =
(2pi~)−1
∫
dxdpWA(x, p) exp{i (xp+ px)/~}, Eq. (11) will finally be transformed, after some
algebraic manipulations, into
Tr(ρˆAˆ) = (4pi~)−1
∫ ∞
−∞
dx dp dx1 dp1 dx2 dp2 Wρ1/2(x/2, p) exp
{
− i
~
(x1 − x2) p
}
×
WA(x1/2, p1) exp
{
− i
~
(x2 − x) p1
}
Wρ1/2(x2/2, p2) exp
{
− i
~
(x− x1) p2
}
. (12)
Considering in Eq. (12) the (diagonal) terms with x = x1 = x2 and p = p1 = p2 only,
then Eq. (12) would reduce to the compact form given by
∫
dxdp W˜ρ;1(x, p)WA(x.p), which
is obviously not tantamount to Tr(ρˆAˆ) for a generic observable Aˆ 6= 1 . This also shows
that the distribution W˜ρ;1(x, p) has the conceptual drawback that this quantity cannot be
interpreted as a quasi-probability distribution over phase space, either. However, it is easy
to show that for Aˆ → ρˆα−1 leading to [Aˆ, ρˆ1/2] = 0, Eqs. (11) and (12) exactly reduce to
Eq. (5). Therefore, the distribution W˜ρ;α(x, p), despite its conceptual drawback discussed
above, is still useful (in the operational sense) for evaluations of the Rényi-α entropies in
the phase-space picture.
From the discussions provided in the preceding paragraphs, we arrive at the following
conclusion concerning our central result: The usual Wigner function Wρ(x, p) of a non-
Gaussian state ρˆ (as well as any product of the Wigner functions) cannot produce its Rényi-
α entropies (with α ∈ R+). On the other hand, the non-negative distribution W˜ρ;α(x, p)
cannot suitably be interpreted as a (quasi)-probability distribution, but it is actually this
distribution that can produce the Rényi entropies Sα in the phase-space picture. Therefore,
it is legitimate to say that this distribution is an operational one for exact evaluation of the
Rényi entropies and thus for systematic access to the higher-moment information (including
S1) of a non-Gaussian state ρˆ; again, without Wρα(x, p), the analytic continuation for order
α would necessarily be required for evaluation of, e.g., S1, as discussed already, which will
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however be a formidable task for generic non-Gaussian states. As a result, we may also
claim that while the usual Wigner function Wρ(x, p), as a well-defined quasi-probability
distribution, enables us to compute the expectation value of an observable via Eqs. (2) and
(3), it cannot cover the full information available in a given density operator ρˆ, without,
e.g., the supplemental quantities Wρα(x, p) (or Wρα(x, p)).
It is also tempting to ask about difference between the two fractional quantities,Wρα(x, p)
and Wρα(x, p), in addition to whether they are non-negative or not. To do so, let us rewrite
the fractional moment given in Eq. (5) as
Tr(ρˆα) = (2pi~)3 (Nρα)−2
∫
dxdp Wρα/2(x, p) Wρα/2
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)
×
Wρα/2
(
x− ~
2i
∂
∂p
, p+
~
2i
∂
∂x
)
Wρα/2(x, p) . (13)
Then, we apply the same technique as for Eq. (12) with the help of the Fourier transform
Wρα(x, p) = (2pi~)−1
∫
dxdpWρα(x, p) exp{i (xp+px)/~}, which will enable Eq. (13) to have
the form
Tr(ρˆα) = (Nρα)−2
∫ ∞
−∞
dx dp dx1 dp1 dx2 dp2 dx3 dp3 × (14)
Wρα/2(x, p) exp
{
− i
~
(x1 + x2 + x3) p
}
Wρα/2(x+ (x2 + x3)/2, p1) exp
(
i
~
x1 p1
)
×
Wρα/2(x− (x1 − x3)/2, p2) exp
(
i
~
x2 p2
)
Wρα/2(x− (x1 + x2)/2, p3) exp
(
i
~
x3 p3
)
.
As observed, this expression, being not in terms of our non-negative quantityWρα(x, p), has
higher computational complexity (as its drawback) than its counterpart, Eq. (5), even for
integer orders α → l (cf. Eq. (28) for an actual evaluation of Eq. (14) with respect to a
particular state).
Now, we consider the canonical thermal equilibrium state ρˆβ for explicit evaluation of
W˜ρ;α(x, p). First, its Wigner function is given by Wβ(x, p) = {(2pi~)Zβ}−1 Num(β), where
the partition function Zβ and the numerator
Num(β) := (2pi~)
∑
n
exp (−βEn) Wn(x, p) . (15)
By noting that Tr{(ρˆβ)α} = Zαβ/(Zβ)α, it is straightforward to show that W˜ρ;α(x, p) =:
W˜β;α(x, p) = (2pi~) {Wρα/2(x, p)}2 {Tr(ρα)}−1 = {(2pi~)Zαβ}−1 {Num(αβ/2)}2 ≥ 0, where
Wρα(x, p) = (Zβ)
−α (Zαβ)Wαβ(x, p). Therefore, W˜β;α(x, p) can be obtained from Wβ(x, p)
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simply by substitution of both Zβ → Zαβ and Num(β)→ {Num(αβ/2)}2, which is actually
valid for the canonical thermal state of an arbitrary quantum system. As a simple example,
the thermal state of a single linear oscillator, being Gaussian, is considered such that Zβ =
2−1 csch(β~ω/2) [41], and
Wβ(x, p) =
sech(β~ω/2)
(2pi~)Zβ
exp
[
−
(
tanh
β~ω
2
){
(κx)2 +
p2
(~κ)2
}]
≥ 0 (16a)
W˜β;1(x, p) = {sech(β~ω/4)}
2
(2pi~)Zβ
exp
[
−2
(
tanh
β~ω
4
){
(κx)2 +
p2
(~κ)2
}]
≥ 0 (16b)
where κ = (mω/~)1/2, as well as the Wigner entropy SW(Wβ) = S2(Wβ)+1−ln(2) 6= S1(Wβ).
It is then straightforward to verify Eqs. (6) and (9) for this system. We also note that in
the limit of ~ → 0 leading to (2pi~)Zβ → (Zβ,cl), Eqs. (16a) and (16b) will reduce to their
classical counterpart Pβ(x, p) = (Zβ,cl)−1 e−β (p
2/2m+mω2x2/2).
Finally, we stress that our formulation for the study of non-Gaussian states, consisting of
the non-negative phase-space distributions and Rényi-Wigner entropies, essentially differs
from the approach based on the (non-negative) Husimi functions Qρ(x, p) = 〈γ|ρˆ|γ〉/pi,
defined in terms of the coherent state |γ〉 with γ = 2−1/2 (κx + ip/~κ), and the resulting
Wehrl entropies defined as (−1) ∫ dqdp Qρ(x, p) ln{Qρ(x, p)}; this entropy has been known
to have a conceptual weakness that results from the non-orthogonality |〈γ1|γ2〉|2 = e−|γ1−γ2|2 ,
where |γ1〉 and γ2〉 denote different coherent states (e.g., [9, 42]).
III. WIGNER FUNCTION OF THERMAL STATE FOR ONE-DIMENSIONAL
BOX PROBLEM
The system under consideration is a single particle confined in the region of −a ≤ x ≤ a
(with a > 0) by a one-dimensional infinite potential well with either the Dirichlet boundary
condition Ψ(a) = Ψ(−a) = 0 (Dbc) or Neumann boundary condition Φ′(a) = Φ′(−a) = 0
(Nbc). As is well-known, its nth eigenstate for Dbc is given by [16, 43–46]
ψn(x) =
(
1
a
)1/2
sin
{npi
2
(
1 +
x
a
)}
, (17a)
where n = 1, 2, 3, · · · and |x| ≤ a, while the eigenvalue for Nbc is given by
φn(x) =
(
1
a
)1/2
cos
{npi
2
(
1 +
x
a
)}
, (17b)
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where n = 1, 2, 3, · · · and |x| ≤ a, and φ0(x) = (2a)−1/2; therefore, φn(x) is discontinuous at
x = ±a if the analytic continuation is under consideration that φn(x) ≡ 0 for |x| > a. The
corresponding energy eigenvalue is En(L) = (pn)2/(2m) for both Dbc and Nbc, where m is
the mass of the particle, and pn = ~kn with kn = ±npi/L; here L = 2a denotes the width of
the potential well (note that E0 = 0 for Nbc [47]). Then, it is straightforward to compute
the Wigner function corresponding to the eigenstate |n〉 such that for Dbc,
Wn;D(x, p) =
1
pi~
∫ ξx
−ξx
dξ ψn(x+ ξ) ψn(x− ξ) e−2ipξ/~
=
1
4pia
[{
sin
(
2
~
ξx (p+ pn)
)
×
(
1
p+ pn
− 1
p
)}
+ {pn → −pn}
]
(18a)
(cf. [16, 43, 44, 46]) while for Nbc,
Wn;N(x, p) =
1
pi~
∫ ξx
−ξx
dξ φn(x+ ξ) φn(x− ξ) e−2ipξ/~
=
1
4pia
[{
sin
(
2
~
ξx (p+ pn)
)
×
(
1
p+ pn
+
1
p
)}
+ {pn → −pn}
]
(18b)
where n = 1, 2, 3, · · · and W0;N(x, p) = (2piap)−1 sin(2ξxp/~); here, ξx = a − |x| is required
by the boundary condition of |x + ξ| ≤ a and |x − ξ| ≤ a. Therefore, Wn(±a, p) = 0 for
both Dbc and Nbc, as required (cf. Ref. [46]). We observe that Eqs. (18a) and (18b), as
well as W0;N(x, p), are even functions of both x and p, non-Gaussian, and can be negative
valued indeed (cf. Figs. 1 and 2).
It is also instructive, for later purposes, to consider Eqs. (18a) and (18b) in the limit of
~→ 0, in particular the respective ground states. First, with the help of the identity δ(p) =
lim→0 (pip)−1 sin(p/) [48], it is easy to show that W0;N(x, p)→ (2a)−1 δ(p) in this limit. It
is also straightforward to observe that W1;D(x, p)→ 0 for p 6= 0 and W1;D(x, 0)→∞, thus
yielding W0;D(x, p)→ (2a)−1 δ(p) as well.
Now, we are ready to discuss the thermal Wigner function of this system, which is given
for Dbc and Nbc by [cf. Eq. (15)]
Wβ;D(x, p) =
1
(Zβ)D
∞∑
n=1
exp
(−λn2) Wn;D(x, p) , (19a)
Wβ;N(x, p) =
1
(Zβ)N
∞∑
n=0
exp
(−λn2) Wn;N(x, p) (19b)
with λ = β~2pi2 (8ma2)−1 and (Zβ)N = (Zβ)D + 1, respectively. These can also be expressed
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as the integral form
Wβ(x, p) =
1
(2pi~) aZβ
{
B
(
~
2p
)
sin
(
2ξxp
~
)
ϑ4
(pix
2a
, exp (−λ)
)
+∫ ξx
0
dξ cos
(
2ξp
~
)
ϑ3
(
piξ
2a
, exp (−λ)
)}
(20)
in terms of the Jacobi theta functions [49]
ϑ3(z, q) = 1 + 2
∞∑
n=1
qn
2
cos(2nz) ; ϑ4(z, q) = 1 + 2
∞∑
n=1
(−1)n qn2 cos(2nz) ; (21)
here, Zβ → (Zβ)D = 2−1 {ϑ3(0, e−λ) − 1} and B = −1 for Wβ;D(x, p) while Zβ → (Zβ)N =
2−1 {ϑ3(0, e−λ) + 1} and B = 1 for Wβ;N(x, p).
To study the quantum-classical transition, we intend to rewrite Eqs. (19a) and (19b);
after some algebraic manipulations, every single step of which is provided in detail in the
Appendix, we can finally arrive at the expression
Wβ(x, p) =
1
(2pi~)Zβ
[
exp
(
−βp
2
2m
) ∞∑
ν=−∞
Re
{
exp
(
2ip νL
~
)[
erf
((
2m
β~2
)1/2
(ξx + νL)
+ ip
(
β
2m
)1/2)
− erf
((
2m
β~2
)1/2
νL+ ip
(
β
2m
)1/2)]}
+
BZβ,cl
2piap
sin
(
2ξxp
~
) ∞∑
µ=−∞
exp
{
− 2m
β~2
(ξx + µL)
2
}]
(22)
in terms of the error function erf(z), where the width L = 2a and the classical partition
function Zβ,cl = (8pima2/β)1/2 for both Dbc and Nbc. Then, in the classical limit, Eq. (22)
reduces to its classical counterpart Pβ(x, p) = (Zβ,cl)−1 e−βp
2/2m > 0, being Gaussian, which
results from the term of ν = 0 (with ~ → 0). Eq. (22) is the second central result of our
paper.
Comments are deserved here. First, we observe that Wβ(±a, p) = 0 and thus Wβ(x, p) is
continuous in the entire phase space. On the other hand, Pβ(±a, p) 6= 0 and thus Pβ(x, p)
is discontinuous at both boundary points. This discontinuity also implies disappearance of
the wave properties. Second, the classical probability distribution Pβ(x, p) further reduces
to (2a)−1 δ(p) at T = 0, in accordance with both W1;D(x, p) and W0;N(x, p) within ~ → 0,
as discussed after Eq. (18b). Third, all other terms of ν 6= 0 of Eq. (22) will then represent
the purely quantum correction; the value 2L denotes the length of an arbitrary primitive
periodic orbit (i.e., a closed path traversed only once from an arbitrary phase-space position
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(x0, p0) to the same one after two reflections on the potential walls at x = ±a) [50–52]. In
fact, if an index ν = νe (or µ = µe) is even, then it represents a periodic orbit with its length
νeL (or µeL), corresponding to νe/2 (or µe/2) repetitions of its primitive periodic orbit. On
the other hand, if an index ν = νo (or µ = µo) is odd, then it represents an orbit moving
from (x0, p0) to (−x0,−p0) with its length νoL (or µoL), which is also needed due to the
even parity of this system; note that the cases of ν, µ < 0 simply denote periodic orbits
initially moving in the negative direction.
To explicitly discuss Eq. (22) in the high-temperature regime, we employ both identities
erf = 1 − erfc and e2z1z2+z22 erfc(z1 + z2) =
∑∞
k=0(−2z2)k ikerfc(z1) [53], which will yield the
exact expression
Wβ(x, p) =
1
(2pi~)Zβ
[
exp
(
−βp
2
2m
)
− cos
(
2ξxp
~
) ∞∑
k=0
(
−2βp
2
m
)k
×
∞∑
ν=1
{
i2kerfc
{(
2m
β~2
)1/2
(ξx + (ν − 1)L)
}
− i2kerfc
{(
2m
β~2
)1/2
(νL− ξx)
}}
−
Zβ,cl
4pi1/2 ap
sin
(
2ξxp
~
) ∞∑
k=1
(
−2βp
2
m
)k
× (23)
∞∑
ν=1
{
i2k−1erfc
{(
2m
β~2
)1/2
(ξx + (ν − 1)L)
}
+ i2k−1erfc
{(
2m
β~2
)1/2
(νL− ξx)
}}
+
BZβ,cl
2piap
sin
(
2ξxp
~
) ∞∑
µ=1
{
exp
{
− 2m
β~2
(ξx + (µ− 1)L)2
}
+ exp
{
− 2m
β~2
(µL− ξx)2
}}]
.
With the help of ikerfc(0) = {2k Γ(k/2 + 1)}−1 with i−1erfc(z) = (2/√pi) exp(−z2) [53],
the boundary condition Wβ(±a, p) = 0 can be confirmed. We note here that the classical
Gaussian part and the quantal non-Gaussian part compete with each other, which is not the
case for a single linear oscillator, Eq. (16a). This non-Gaussian part is actually expressed as
two different kinds of contributions; the sums over the periodic orbits (ν, µ) are responsible
for the purely quantum effect (i.e., temperature-independent) while the sums of k for the
thermal effect (also note, for comparison, that ~ and β are always non-separable in form of
β~ω for Eq. (16a)). As is well-known, the sums over periodic orbits with non-zero lengths
are responsible for the stepwise nature of the spectral staircase N(E) =
∑
n Θ(E−En) while
the trivial orbits with zero lengths solely contribute to the smooth increase of N(E) with E
[50–52].
Therefore, it is interesting to consider two different limits of Eq. (23) separately; first,
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the purely semiclassical limit, by neglecting all periodic orbits with non-zero lengths (i.e.,
weakening the oscillatory quantum correction), and second, the high-temperature limit (β →
0). First, in the semiclassical limit, Eq. (23) easily reduces to
Wβ(x, p) ≈ 1
Nβ
[
exp
(
−βp
2
2m
)
− cos
(
2ξxp
~
) ∞∑
k=0
(
−2βp
2
m
)k
i2kerfc
{(
2m
β~2
)1/2
ξx
}
−
(
m
2β
)1/2
1
p
sin
(
2ξxp
~
) ∞∑
k=1
(
−2βp
2
m
)k
i2k−1erfc
{(
2m
β~2
)1/2
ξx
}
+(
2m
piβ
)1/2
B
p
sin
(
2ξxp
~
)
exp
{
− 2m
β~2
(ξx)
2
}]
(24)
with the corresponding normalizing Nβ. Eq. (24) actually meets the boundary condition
Wβ(±a, p) = 0, as long as ~ is finite, albeit sufficiently small. Then, Figs. 3 and 4 show that
even this semiclassical result with the weakened oscillatory quantum correction can possess
negative values indeed. On the other hand, in the high-temperature limit, Eq. (23) turns
out to be
Wβ(x, p)
β→0
=
1
Zβ,cl
[
exp
(
−βp
2
2m
)
+ QFβ(x, p)
]
, (25)
where the quantum fluctuation
QFβ(x, p) =
B
(piβ/2m)1/2 p
{1 +O(β)} sin
(
2ξxp
~
)
× (26)
∞∑
µ=1
[
exp
{
− 2m
β~2
(ξx + (µ− 1)L)2
}
+ exp
{
− 2m
β~2
(µL− ξx)2
}]
with
∫
dxdp QFβ(x, p) = 0. Eq. (25) also can be negative valued, as long as β is finite,
albeit sufficiently small. This cannot meet the boundary condition (cf. Fig. 5).
Now, the non-negative distribution W˜β;α(x, p) for the canonical thermal state can di-
rectly be obtained from the usual Wigner function Wβ(x, p) by utilizing the scenario for the
canonical thermal state, discussed after Eq. (15). Therefore, it is straightforward to have
W˜β;α(x, p) = (2pi~) (Zαβ/2)2 {Wαβ/2(x, p)}2/Zαβ (27a)
Sα(W˜β) = (1− α)−1 ln
[
(2pi~) (Zβ)−α (Zαβ/2)2
∫
dxdp {Wαβ/2(x, p)}2
]
(27b)
for an arbitrary order α, which can easily be evaluated explicitly with the help of Eqs.
(22)-(25). The resulting expressions of W˜β;α(x, p) and those of the Rényi-Wigner entropy
Sα(W˜β) given in Eqs. (6) and (9) are clearly straightforward to obtain but simply too large
in size, and so we do not provide them here.
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IV. EVALUATIONS OF RÉNYI-WIGNER ENTROPIES IN THE PHASE SPACE
We begin with numerical evaluations of the entropies Sα(W˜β) given in Eq. (27b) for the
one-dimensional box problem. Then, we observe good agreement between Sα(W˜β) and its
counterpart Sα(ρˆβ) = (1 − α)−1{(lnZαβ) − α(lnZβ)} (in the high-temperature regime) (cf.
Fig. 6). It is also interesting to compare Eq. (4) (or Eq. (6) with α = 2) and Eq. (14)
by performing their actual evaluations for the pure state W˜0;N(x, p) = (2pi~) {W0;N(x, p)}2
for Nbc as a simple illustration of our formulation, where W0;N(x, p) = (2piap)−1 sin{2 (a −
|x|) p/~}; for Eq. (4), Tr(ρˆ2) = (2pi~) ∫ a−a dx ∫∞−∞ dp {W0;N(x, p)}2 = 1 and thus S2(W˜0;N) =
0, as is easily verified. On the other hand, Eq. (14) will take the form, after some steps of
algebraic manipulations, of
(4pia)−4
∫ ∞
−∞
dx dp dx1 dp1 dx2 dp2 dx3 dp3 p
−1
[{
sin
2
~
(a− |y1|) p
}
+ {y1 → y4}
]
×
(p1)
−1
[{
sin
2
~
(a− |y1|) p1
}
+ {y1 → y2}
]
(p2)
−1
[{
sin
2
~
(a− |y2|) p2
}
+ {y2 → y3}
]
×
(p3)
−1
[{
sin
2
~
(a− |y3|) p3
}
+ {y3 → y4}
]
(28)
as long as |a − (· · · )| ≤ a in the argument of sin, where y1 := x + (x1 + x2 + x3)/2; y2 :=
x− (x1−x2−x3)/2; y3 := x− (x1 +x2−x3)/2; y4 := x− (x1 +x2 +x3)/2. Then we will have∫∞
−∞ dx
∫∞
−∞ dx1
∫∞
−∞ dx2
∫∞
−∞ dx3 →
∫ a
−a dy
∫ a
−a dy1
∫ a
−a dy2
∫ a
−a dy3, which will finally lead to
Tr(ρˆ2) = 1. As is explicitly shown here, an evaluation of S2(ρˆ) via Eq. (6), considered one
of our central results, is much simpler than employing Eq. (14). Besides, we already notice
that it would be a formidable task to find the recurrence relation between entropies Sl and
Sl+1, with l = 2, 3, 4, · · · for a given distribution W˜ρ;α(x, p) (or Wρ(x, p)) [cf. Eqs. (22) and
(23)], if needed for the analytic continuation of l→ α.
For comparison, we briefly discuss other “entropies” as well, without considering the
Bopp shift. First, some moments of the Wigner function Wn;D(x, p) for Dbc can explicitly
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be evaluated such that
(2pi~)
∫
dxdp {Wn;D(x, p)}2 = 1 (29a)
(2pi~)2
∫
dxdp {Wn;D(x, p)}3 = 1
4
+
1
(npi)2
{
15
4
− 20
3
(−1)n
}
(29b)
(2pi~)3
∫
dxdp {Wn;D(x, p)}4 = 2
3
+
25
2(npi)2
(29c)
(2pi~)4
∫
dxdp {Wn;D(x, p)}5 = 23
192
+
1
(npi)2
{
475
192
− 4462
135
(−1)n
}
+
1
(npi)4
{
11275
256
+
1091816
10125
(−1)n
}
. (29d)
Because of n-dependence, Eqs. (29b)-(29d) cannot appropriately reflect the higher mo-
ments Tr(ρˆ3) = Tr(ρˆ4) = Tr(ρˆ5) = 1, as expected. For Wn;N(x, p) of the Nbc case,
similar results will appear. Therefore, it is obvious that the “Wigner entropy” given by
SW(W˜n;D) = −
∫
dxdp W˜n;D(x, p) ln{(2pi~) W˜0;N(x, p)} will be n-dependent and so cannot at
all be used as an appropriate entropy for our purpose. This confirms that the same will also
apply for the resulting “Wigner entropy” SW(W˜β) = −
∫
dxdp W˜β(x, p) ln{(2pi~) W˜β(x, p)}
of the thermal state. On the other hand, the Wigner entropy of the classical thermal distri-
bution Wβ(x, p)→ Pβ(x, p) = (Zβ,cl)−1 e−βp2/2m with |x| < a is given by the closed form
SW(Pβ) = −
∫
dxdpPβ(x, p) ln{(2pi~)Pβ(x, p)} = ln(Zβ,cl) + 1/2 + ln(2pi~) . (30)
Likewise, by applying Eq. (9) with substitution of (2pi~)Zβ → Zβ,cl and Wρα(x, p) →
(2pi~)α−1(Zβ,cl)α e−αβp
2/2m, it is straightforward to obtain the entropy S1(Pβ) → ln(Zβ,cl) +
1/2− ln(2pi~). By setting (2pi~)→ 1, we see that SW(Pβ) and S1(Pβ) become identical.
V. CONCLUSIONS
We have introduced the Wigner-like operational distributions W˜ρ;α(x, p) in the classical
phase space, all of which are non-negative and well-defined over the entire phase space, by
utilizing the properties of fractional moments Tr(ρˆα) with α > 0 of the density operator
ρˆ. Then we have provided a framework for exact evaluations of Rényi-Wigner entropies for
the classical-like distributions W˜ρ;α(x, p), in particular for arbitrary non-Gaussian states,
which enables us to go beyond the study of Rényi entropies restricted to the Gaussian
states with non-negative valued Wigner functions Wρ(x, p). This result can be regarded as
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a generalization of the preceding one developed in Ref. [9], which has enabled to evaluate
the entropies but essentially restricted to integer values of α only.
Subsequently, we have rigorously evaluated the Wigner function Wρ(x, p), directly lead-
ing to W˜ρ;α(x, p), of the thermal state of a single particle confined by a one-dimensional
infinite potential well with either the Dirichlet or Neumann boundary condition (as a simple
non-Gaussian state), in order to illustrate our concept. We have successfully applied our
framework for this non-Gaussian state. Our analysis has also been useful for a study of
the quantal-classical transition by expressing the density operator ρˆ (mixed state) itself in
terms of its phase-space counterpart Wρ(x, p) (or W˜ρ;α) which can be decomposed into its
classical part and the quantum correction [cf. Eqs. (23)-(25)]. This aspect will provide
further insights for deeper semiclassical analysis.
Our study will overall contribute to a better understanding of non-Gaussian states and
their transitions either in the semiclassical limit (~ → 0) or in the high-temperature limit
(β → 0). This phase-space approach will also be useful information-theoretically and ther-
modynamically for deeper discussions of the quantal-classical Second Law on the single
footing. We may expect that our analysis of the Rényi-Wigner entropies for non-Gaussian
states will contribute to making some additional classification among non-Gaussian states
and its quantification (beyond the non-Gaussianity as their deviations from the respective
reference Gaussian states) to be pursued and also that our approach will apply for other
billiard systems (i.e., confined systems with different boundary shapes in two dimensions),
which are well-known to possess quantum signatures of classically regular and chaotic mo-
tions.
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Appendix: Derivation of Eq. (22)
We begin by rewriting Eqs. (19a) and (19b) as
Wβ(x, p) =
1
(2pi~)Zβ
∫ yx
0
dy cos
(
2apy
~
) ∞∑
n=−∞
exp(−λn2) {cos(npiy) +B cos (npiyx)} ,
(A.1)
where y = ξ/a. Employing the Poisson summation rule [48]
∞∑
n=−∞
exp(−λn2) cos(npiκ) =
(pi
λ
)1/2 ∞∑
ν=−∞
exp
{
−pi
2 (κ+ 2ν)2
4λ
}
(A.2)
and then with the help of the identity [49]∫
dn exp
(−an2 − 2bn) = 1
2
(pi
a
)1/2
exp
(
b2
a
)
erf
(
a1/2 n+ a−1/2 b
)
, (A.3)
Eq. (A.1) will be transformed into
Wβ(x, p) =
1
(2pi~)Zβ
(pi
λ
)1/2 ∞∑
ν=−∞
[∫ yx
0
cos
(
2apy
~
)
exp
{
−pi
2
4λ
(y + 2ν)2
}
dy +
B~
2ap
sin
(
2apyx
~
)
exp
{
−pi
2
4λ
(yx + 2ν)
2
}]
. (A.4)
We perform the integration over y by applying the identity (A.3) with n → y, which will
result in Eq. (22). In doing so, we also used, with the help of Poisson’s sum rule, the relation
(2pi~)Zβ = 2pi~
∞∑
n=1
exp
(−λn2) = Bpi~+ Zβ,cl ∞∑
ν=−∞
exp
(−8ma2ν2
β~2
)
, (A.5)
which reduces to Zβ,cl in the limit of ~→ 0.
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FIG. 1:
Fig. 1: (Color online) Wigner functions y = Wn;D(x, p) for Dbc versus (dimensionless)
momentum p ≡ ap/~ at (dimensionless) position x ≡ x/a = 0 with n = 1, 2, 3, 4, 5, each of
which demonstrates negative values as its non-Gaussian feature [cf. Eqs. (18a)]. The values
n = 3, 4, 1, 2, 5 are in sequence from top to bottom at p = 5.
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FIG. 2:
Fig. 2: (Color online) Wigner functions y = Wn;N(x, p) for Nbc versus momentum p at
x = 0 with n = 0, 1, 2, 3, 4, each of which demonstrates negative values as its non-Gaussian
feature [cf. Eqs. (18b)]. The values n = 3, 1, 4, 0, 2 are in sequence from top to bottom at
p = 5.
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FIG. 3:
Fig. 3: (Color online) The semiclassical Wigner function Wβ(x.p) for Dbc versus (di-
mensionless) position x ≡ x/a and (dimensionless) momentum p ≡ ap/~ [cf. Eq. (24)],
re-scaled to 20Wβ(x, p), with the (dimensionless) temperature β ≡ β~2/(ma2) = 1. We see
that Wβ(a, p) = 0 (also W (−a, p) = 0 due to the symmetry of this system). Its negative
values emerge from the oscillatory behaviors around x = 0 (cf. Fig. 4). Here, we have used
50 orbits by using the sum over k with 0 ≤ k ≤ 50, with good numerical convergence. A
similar result will occur for Nbc.
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FIG. 4:
Fig. 4: (Color online) The semiclassical Wigner function y = Wβ(0, p) for Dbc [cf. Eq.
(24)], re-scaled to 20Wβ(0, p), which explicitly shows its negative values, e.g., Wβ(0, 3) =
−0.0710. Otherwise, the same parameters exist as for Fig. 3.
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FIG. 5:
Fig. 5: (Color online) The Wigner function Wβ(x.p) for Dbc versus (dimensionless)
position x ≡ x/a and (dimensionless) momentum p ≡ ap/~ in the high-temperature limit [cf.
Eq. (25)], re-scaled to 20Wβ(x, p), with the (dimensionless) temperature β ≡ β~2/(ma2) =
0.1, which is very high. We see that its negative values still emerge from the highly oscillatory
behaviors in the vicinity of x = ±a. This comes primarily from the contribution of the zero-
length trivial orbit corresponding to the first exponential function with µ = 1 in Eq. (26).
We also observe that the boundary condition Wβ(±a, p) = 0 does not hold any longer.
Here, we have used 50 orbits by using the sum over µ with 0 ≤ µ ≤ 50, with good numerical
convergence. A similar result will occur for Nbc.
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FIG. 6:
Fig. 6: (Color online) Comparison between y1 =
∫
dxdp {Wαβ/2(x, p)}2, exactly com-
putable using Eq. (25), (solid curves) and its exact value y2 = (2pi~)−1(Zαβ)/(Zαβ/2)2 (dash
curves) for given orders α for Dbc in the high-temperature limit, which is equivalent to
the comparison between y1 = Sα(W˜β;α) and its counterpart y2 = Sα(ρˆβ) in the same limit
(before Eq. (28)); 1) the solid curves with β = 3, 1, 0.5 are in sequence from top to bottom;
2) the dash curves in the same way. For sufficiently small values of αβ, we have good agree-
ment between the two curves for each β. Here, we have used 15 orbits by using the sum
over µ with 0 ≤ µ ≤ 15 in Eq. (26), already with good numerical convergence. A similar
result will occur for Nbc. This analysis will be useful for a study of the high-temperature
approximation in the quantum-classical transition.
27
